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Abstract. We prove that solutions of the homogeneous equation Lu = 0, where L 
is a locally integrable vector field with smooth coefficients in two variables possess the 
F. and M. Riesz property. That is, if Q is an open subset of the plane with smooth 
boundary, u 6 C 1 (f2) satisfies Lu = on Q, has tempered growth at the boundary, 
and its weak boundary value is a measure fi, then fj, is absolutely continuous with 
respect to Lebesgue measure on the noncharactcristic portion of dQ. 



Consider a Borel measure fj, defined on the boundary T of the unit circle A of 
the complex plane. A classical theorem proved in 1916 by F. and M. Riesz states 
that if the Fourier coefficients of /i vanish for all negative integral values, i.e., 



then \i is absolutely continuous with respect to the Lebesgue measure d6. Condition 
(a) is equivalent to the existence of a holomorphic function f{z) defined on A whose 
weak boundary value is /z. 

The F. and M. Riesz theorem has undergone an extensive generalization in the 
last decades, mainly in two different directions: i) generalized analytic function 
algebras, which has as a starting point the fact that (a) means that /i is orthogonal 
to the algebra of continuous functions on T that extend holomorphically to A; ii) 
ordered groups, which emphasizes instead the role of the group structure of T in 
the classical result. Thus, although absolute continuity with respect to Lebesgue 
measure is a local property (i.e., if each point has a neighborhood where it holds 
then it holds everywhere), both directions focus on global objects. A remarkable 
exception is the paper [B] in which the author uses microlocal analysis to prove 
some generalizations of the theorem of F. and M. Riesz. Among other things, in 
[B] it is shown that if a CR measure on a hypersurface of C™ is the boundary value 
of a holomorphic function defined on a side, then it is absolutely continuous with 
respect to Lebesgue measure. 

In view of Riemann's mapping theorem and the local character of the conclusion, 
another way of stating the F. and M. Riesz theorem is to say that if a holomorphic 
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function f(z) denned on a smoothly bounded domain D of the complex plane has 
tempered growth at the boundary and its weak boundary value is a measure, then 
the measure is absolutely continuous with respect to Lebesgue measure. If we 
regard holomorphic functions as solutions of the homogeneous equation df = 0, it 
is natural to ask for which complex vector fields L it is possible to draw the same 
conclusion for solutions of the equation Lf = 0. In this paper we extend the F. 
and M. Riesz theorem to all locally integrable, smooth complex vector fields in the 
plane for smooth domains at the noncharacteristic part of the boundary. We recall 
that a nowhere vanishing smooth vector field 

L = a(x,y)^+b(x,y)^ 

is said to be locally integrable in an open set O if each p e is contained in a 
neighborhood which admits a smooth function Z with the properties that LZ = 
and the differential dZ ^ 0. Examples of locally integrable vector fields include real 
analytic vector fields and smooth, locally solvable vector fields. We note however 
that the class of locally integrable vector fields is much larger and refer to [T] on 
this subject. 

In his work [B], the author gives a microlocal criterion for the absolute conti- 
nuity of a measure analogous to (a) based on Uchiyama's deep characterization of 
BMO(R n ) [U]. Similarly, one of the main steps in our generalization of the F. and 
M. Riesz theorem is Theorem 3.1 in section 3 which concerns the location of the 
wave front set of the trace of a C 1 solution of a locally integrable vector field in M. n . 
Here an important tool is the use of the FBI transform in the fashion developed 
in [BCT] and [T]. However, since we apply this result for n = 2, in which case the 
trace lives in a one dimensional boundary, we do not need to rely on Uchiyama's 
theorem and the classical criterion (a) suffices. On the other hand, while in the 
classical case and the generalizations in [B] the location of the wave front set of the 
measure under consideration always satisfies a restrictive hypothesis which leads 
to absolute continuity this restriction is not fulfilled in general by the trace of a 
solution of an arbitrary locally integrable vector field even if the solution is smooth 
(an example concerning a vector field with real analytic coefficients is shown in 
Example 4.3). Thus, we need to deal as well with points where the wave front set 
of the measure may contain all directions; at those points the vector field L exhibits 
a behavior close to that of a real vector field (in a sense made precise in Lemma 
3.3) and absolute continuity may be proved directly. 

The paper is organized as follows. In section 1 we state our main result (Theorem 
1.1) and prove a lemma on the existence of traces on a noncharacteristic boundary 
for continuous solutions of an arbitrary smooth complex vector field. In Section 2 
we slightly extend one of the basic results in [B] with a new method of proof based 
on the FBI transform. In Section 3 we focus on locally integrable vector fields and 
give a refined description of the location of the wave front set of a solution's trace; 
this is a key step in the proof of Theorem 1.1 which is also proved in this section. 
Finally, in section 4 we present some examples. 

1. Statement of the main result 

The following theorem is the main result of this article. The existence of the 
trace bf = f(x, 0) will be proved in Lemma 1.2 in this section. 
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Theorem 1.1. Suppose L = ^ + a{x,t)J^ is smooth in a neighborhood U of the 
origin in the plane. Let U + = U n R^, and suppose f G C 1 (U + ) satisfies Lf = 
in U + and for some integer N , 

\f(x,t)\=0(t- N ) ast^O. 

Assume that L is locally integrable in U. If the trace bf = f(x,0) is a measure, 
then it is absolutely continuous with respect to Lebesgue measure. 

We begin with a lemma on the existence of a trace that improves Theorem 3.4 
in [B]. In the lemma, the vector field L will not be assumed to be locally integrable. 

Lemma 1.2. Let X C M™ be open, U an open neighborhood of X x {0} in R n+1 , 
U+ = U nl" +1 . Let L = §- t +Ej=i a jOM)af-, a{x,t) G C°° on X U U+. Let f 
be a continuous function on U+ such that Lf G L°°(U + ) and for some N G N, 

\f(x,t)\=0(t- N ) ast^O, 

uniformly on compact subsets of X . Then lim t ^o f(x,t) — bf exists in W(X). 
Furthermore, if X x (0,T] C U+, then the distributions {f(.,t) : < t < T} are 
uniformly bounded in W(X). 

Remark. In [B] this Lemma is proved under the additional assumption that / is 
C 1 and that 

\d x f(x,t)\=0(t- N ) ast^O. 



Proof of Lemma 1.2. We will proceed as in [B] with some modifications. Let <p £ 
C °°(X), and T > such that 

supp 4> x [0, T] C X U U+ 

For e > sufficiently small, set 

j=l J 
Let k G N. We will choose . . . , <j>% G C°°(U+) such that if 

3=0 h 

then 

(I) <f> k < e (x,0) =<j>{x), and (2) \(L e )*$ k > e (x, t)\ < Ct k , 

where C depends only on the derivatives of (j> upto order k + 1. In particular, C 
will be independent of e. Define (f>Q{x,t) — 4>{x). For j > 1, write 



4 



S. BERHANU AND J. HOUNIE 



and define 

<i>*(x,t) = -^ j _ 1 (x,t) + (Qr<i>u 

One easily checks that (1) and (2) above hold with these choices of the We will 
next use the integration by parts formula of the form 

/u(x,T)w(x,T)dx — / u(x, 0)w(x, 0)dx = / / (wPu — uP*w)dxdt 
J JO JR" 

which is valid for P a vector field, u and w in C 1 (R" x [0,T]) and the x— support 
of w contained in a compact set in M™. Note that the x-support of <E> fc ' e (x,i) is 
contained in the support of <p(x). Let ip <E C o yD (Bi(0)), where -Bi(O) denotes the 
ball of radius 1 centered at the origin in R n+1 . Assume J J ipdxdt = 1, and for 

5 > 0, let ip s {x,t) = ^TFT^d,!)- For 6 > °' set fe(x,t) = f(x,t + e). Observe 
that if S < e, then the convolution f € * ipg(x,t) is C°° in the region t > 0. In the 
integration by parts formula above set u(x,t) — f e * ips(x,t), w(x,t) = & k ' e (x,t) 
and P = L e . We get: 

/ f e *ip s (x,0)<l>(x)dx= f f,*Mx,T)^ e (x,T)dx 
Jx Jx 

(1.1) - / / L e (f e *i/) S )$ k ' e dxdt 



'0 Jx 

+ 



f [ fe*ML e )*$ k ' e dxdt 
Jo Jx 



Fix e > 0. Let 5 — > + . Note that f e * tps(x, t) converges uniformly to f e (x, t) on a 
neighborhood W of supp <f> x [0,T]. Hence in W(W), 

(fe * 1>S) - £7e 

as <5 — > + . Moreover, L £ / £ (x,i) = Lf(x,t + e) e L°°. Hence by Friederichs' 
Lemma, 

(fe * IPs) -> L7e 

in L 2 (VF) as (5 ->■ 0+. We thus get 



/ f(x,e)(j)(x)dx = [ f(x,T + e)^ k ' € (x,T)dx 
Jx Jx 

(1.2) - / / L e f e (x,t)<P k ' e (x,t)dxdt 

Jo Jx 



Jx 

[ f t (x,t)(L e )*<P k - e (x,t)dxdt 
io Jx 

In the third integral on the right, we have 

\f e (x 1 t)(Lr^(x 1 t)\ <a k - N , 

where C depends only on the derivatives of cj> upto order k + 1. Choose A; = N + 1. 
By the dominated convergence theorem, as e — > 0, this third integral converges 
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to f x fL*® k dxdt. In the second integral on the right, note that since Lf G 
L 2 (X x (0,T)), as e -> 0, the translates L e /e = (Lf) e -> £/ in £ 2 . We thus get 

(bf,<j>)= f f{x,T)<S> k (x,T)ds- f f Lf$ k dxdt + f f fL*<S> k dxdt, 
Jx Jo Jx Ja Jx 

where = $ fe >°. From formula (1.2), we also see that there is C > independent 
of e such that 

(1-3) |(/(.,e),^)|<C Y, H^ll*- 

|a|<fc+l 

2. The FBI approach 

We will next present another proof of Theorem 3.5 in [B] . Our method of proof is 
based on a variant of the FBI transform developed in [BCT] and [T]; this approach 
will also be used in the proof of Theorem 1 . 1 which concerns a class of vector fields 
not covered in [B]. In our version, thanks to Lemma 1.2, we will not assume that 
d x f(x,t) has a tempered growth as t — > 0+. Note also that in Theorem 2.1 local 
integrability of L is not assumed. 

Theorem 2.1. Let X , U, U + and L = + Y^j=i a j( x ^)gf~ be as * n Lemma 1.2. 
Suppose f G C 1 (U+) satisfies \f(x,t)\ = 0(t~ N ) for some N and 

\Lf(x,t)\ = 0(t k ), fc = l,2,... 

uniformly on compact subsets of X . Assume 

d{a(x,0)=0 Vj<l, \/xeX 

and that 

(3|lmffi(io,0),( o ) > for some x G X, £° G E™. 
Then (x ,e)^WF(bf) 

Proof. Without loss of generality, we may assume that x = 0. Let Z\, . . . , Z n be 
a complete set of smooth approximate first integrals of L near the origin in U (see 
[T] for the existence of such). That is, 

LZj(x,t) = 0{t k ), fc = l,2, ... and Z j (x,0) = x j , l<j<n. 

For j = 1, ... ,n let Mj = Y^k=i bjk{%, t) g§- be vector fields satisfying 

M j Z k = S^, [Mj,M k }=0. 

Note that for each j, 

n 

(2.1) [M J ,L]=^ Cjs M s 

s=l 
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where each Cj S — 0(t k ), k — 1,2, ... Indeed, the latter can be seen by expressing 
[Mj, L] in terms of the basis {L, Mi, . . . , M„} and applying both sides to the n + 1 
functions {t, Z\, . . . , Z n }. For any C 1 function g, observe that the differential 

n n 

(2.2) dg = M k {g)dZ k + (Lg - £ M k {g)LZ k )dt 

k=l fe=l 

This is verified by evaluating each side at the basis vector fields {L, Mi, . . . , M n }. 
Using (2.2) we get: 

n 

(2.3) d(gdZ 1 A • • • A dZ n ) = {Lg - ^ M k {g)LZ k )dt A dZ 1 A • • • A dZ n 

k=l 

For £ G M™, se R", let 

£?(«, x, t) = i£ • (s - Z(x, t)) - \Z\(s - Z(x, t))\ 

where for w G C", we write w 2 = X)J=i w j • Let £? denote a small ball centered at 
in M™ and 4> G Cq°(B), <j)=l near the origin. We will apply (2.3) to the function 

3 ( S ,C,^,i)-^)/(x,t)e is ^ t ) 

where (s, £) are parameters. We get: 

n 

(2.4) dfodZ) - {L(0./O + (0/)L£ - ]T(M fc (0/) + 4>f{M k E))LZ k }e E dt A dZ, 

fc=i 

where dZ — dZ\ A • • • A dZ n . Next by Stokes theorem we have, for t\ > small: 

(2.5) [ g(8,Z,x,0)dx= [ g(8,Z,x,t 1 )d x Z(x,t 1 )+ [ [ d(gdZ) 
Jb Jb Jo Jb 

We will estimate the two integrals on the right in (2.5). Write 

Z = (Zi, ...,Z n )=x + tV(x, t), and * = *i + i^ 2 - 
Since the Zj arc approximate solutions of L, we have 

* + t* t + (/ + i* x ) • a = 0(t k ), A: = 1,2... 

and hence 

(2.6) 8£tf(a;,0) = 0, j < Z and (d l t ^ 2 {x, 0), < 

for a: in a neighborhood V of B (after shrinking £>, if necessary). Observe that 
ReE{s,£,x,t) = t£ • * 2 (x,t) - |£|((s - a: - t*i) 2 - f 2 * 2 (x,t) 2 ) 
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Because of (2.6), continuity and homogeneity in £, we can get c\ > such that 
ReE(s,£,x,t) < -ci|£|i' +1 , forzeV, < t < h 



(2.7) s e R" and £ in a conic nbhd T of £°. 

Going back to the integrals in (2.5), we clearly have 



/ g(s,£,x,h)d x Z(x,h) 
Jb 



for some c 2 > 0, for s e R" and ( e T. To estimate f* 1 J B d(gdZ), we use (2.4) and 
look at each term that appears there. We first consider the term L(cj)f)e E . For any 
k, 



\<j>{Lf)e E \<C k t lk e- c ^\<^ 



Moreover, the a;-integral 



[ (L^fe E dZ=(f(.,t),(L<j ) )e E ) 
Jb 



can be estimated using Lemma 1.2. Accordingly, after decreasing t\, we can get 
S > such that if \s\ < S and ^ e T, 



\(f(.,t),(L^)e E )\<C 



E da A{Ld?)e E ) 

\a\<N+l 



for some constants c, C > 0. In the latter, we have used the constancy of <f) near 0. 
It follows that the integral 



//' 

Jb Jo 



L(cj)f)e E dt A dZ 



decays rapidly in The term (<f)f )LEe E is estimated using the fact that for any 
k, \LE\ < Ckt k \£\ for some constant Cfe and that \e E \ < e~ Clt This shows that 



//' 

Jb Jo 



((/)f)LEe E dt A dZ 



decays rapidly in £. The integral of (j)f(MkE)LZke E is estimated likewise. To 
estimate the integral of (Mk(4>f))LZke E , we first integrate in x and apply Lemma 
1.2 again. Indeed, the Lemma also applies to the weak derivative Mk{cf)f). Thus 



//' 

Jb Jo 



d(gdZ) 



has a rapid decay in £, and going back to (2.5), we have shown: 



(2.8) 



Jb 



Hs-x)-\i\( S -xf 



4>(x)f(x, 0)dx 
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decays rapidly for \s\ < S in R™ and £ in a conic neighborhood T of £°. The 
function F(s,£) is the FBI transform (see [BCT]) of the distribution (p(x)f(x,0). 
To conclude the proof, we will exploit the inversion formula for the FBI, namely, 

(2.9) <Kx)f(x,0) = Mc„|/ e ^- s )-«- e l«lV( s ,Oiei f ^ 

where c„ is a dimensional constant. Assume now that 4>{x) is supported in the 
ball centered at the origin with radius M. We will study the inversion integral in 
(2.9) by writing it as a sum of three pieces : h{e), /2(e), and /3(e). The first piece 
consists of integration over the region {(£, s) : \s\ > 2M}. In the second piece we 
integrate over {(£, s) : 5 < \s\ < 2M}, and in the third piece over {(£, s) : \s\ < 5}. 
For the integral /i(e), after integrating in s, one gets an exponential decay in £ 
independent of e, and hence lim e ^ + Ii{ € ) IS m fact a holomorphic function near 
the origin in C". To study the second piece, we write it as 

J 2 (e)=c / e^-y^-^ s ^ 2 -^ 2 0(y)f(y,O)\^dyd S dt 

J{(y,£,s):S<\s\<2M} 

We will use the holomorphic function (Q = ((f + ■ ■ ■ + Cn)' where we take the 
principal branch of the square root in the region |Im£| < |Re£|. Observe that this 
function is a holomorphic extension of |£| away from the origin. In the £ integration 
above, we can deform the contour to the image of 

where is chosen sufficiently small. In particular, we choose (3 so that when x 
varies near the origin and y stays in the support of </>, then |Im£(£)| < |ReC(Oli 
away from £ = 0. In the integrand of /2(e), if \x\ < f , we get an exponential decay 
independent of e. It follows that this piece is also holomorphic near the origin in 
C™ after setting e = 0. Finally, for the third piece, let Ti, . . . ,T m be convex cones 
such that with T = T, 

ra 

3=0 

and for each j > 1 there exists a vector vj satisfying Vj - Tj > and Vj ■ £° < 0. We 
now write 

m 
3=0 

where Kj equals the integral over Tj. The decay in the FBI established in (2.8) 
shows us that Kq is a smooth function even after setting e — 0. Each of the 
remaining functions Kj, after setting e = 0, is a boundary value of a tempered 
holomorphic function in a wedge whose inner product with £° is negative. Hence 

(0,e)£WF a (K J (0+)), 

where WF a denotes the analytic wave front set (see [S]). The latter implies that 

{Q,e)iWF{K 3 {0+)). 

Indeed, as is well known, a distribution u is microlocally analytic (resp. smooth) 
at a covector 7 iff there is an analytic (resp. smooth) pseudodiffcrential operator 
P elliptic at 7 such that Pu is analytic (resp. smooth). We have thus proved that 
(0,?)tWF(J(x,0)). 
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3. Proof of Theorem 1.1 and auxiliary results 

We next wish to get a better description of the wave front set of the trace of a 
solution when the vector field in question is locally integrable. 
We consider a smooth vector field L = X + iY where X and Y are real vector fields 
defined in a neighborhood U of the origin. Let £ be an embedded hypersurfacc 
through the origin in U dividing the set U into two regions, U + and U~ where 
U + denotes the region towards which X is pointing. We will consider a function 
/ G C 1 (U + ) that satisfies Lf = on U + and grows in a tempered fashion asp^S. 
We assume that L is noncharacteristic on S which means (after multiplying L by 
i if necessary) that X is noncharacteristic. Our considerations will be local and so 
after an appropriate choice of local coordinates (x, t) and multiplication of L by a 
nonvanishing factor, the vector field is given by 

(3.i) L = ! + £ oj0M) ^L 

j=i 

and S and U + are given by t = and t > respectively. 

We will need to consider the integral curve (— e, e) 3 s ^ 7(s) of X that passes 
though the origin, i.e., j'(s) — X o ■y(s), 7(0) = 0. It is clear that for small e > 
and \s\ < e, 7(s) G U+ if and only if s > 0, so 7 ((-e,e)) n U+ = 7((0,e)). To 
simplify the notation we will simply write 7+ to denote 7((0, e)). 

Theorem 3.1. Let L = + Y^j=i a j( x > gf~ ^ e locally integrable. 

i) Suppose f G C 1 (U+) satisfies \ f(x,t)\ = 0(t~ N ) for some N and 

Lf(x,t)=0, (x,t)eU+. 

Assume that there is a sequence pk G 7 + , pk — > such that for each k = 
1,2,..., X(pk) and Y(pk) are linearly independent. Then there exists a 
unit vector v such that 

C°eK", v-£°>0 ^(0,£°)£WF{bf). 

In particular, the wave front set of bf at the origin is contained in a closed 
half-space. 

ii) Conversely, if X(p) and Y(p) are linearly dependent for all p e 7+ there 
exists a neighborhood V C U of the origin and a function f € C 1 (V+) PI 
C°(V^) such that Lf = and (0,0 G WF(bf) for all £ G K™ \ {0}. 

Proof, i) Let Z\ , . . . , Z n be a complete set of smooth first integrals of L near the 
origin in U (see [T] on the subject of locally integrable structures). That is, 

LZj(x,t)=0, fe = l,...,n, dZ\ A • • • A dZ n (0, 0) 7^ 0, 

and choose new local coordinates (x, t) in which the Zfs may be written as 

Zj(x, t) = Xj + i$j(x, t), k = 1, . . . ,n, 

with $(0, 0) = , $ x (0, 0) = and $ xx (0, 0) = ($ = ($1, . . . , $„)). 
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For j = 1, . . . , n let Mj = Y^k=i bjk( x , i)af~ be vector fields satisfying 

M j Z k = 5 k j , [M jt M k ]=0. 
It is readily checked that for each j = 1, . . . , n, 

(3.2) [M j ,L] = 0. 

For any C 1 function g, the differential may be expressed as 

n 

(3.3) dg = Lg dt + ^2 M *=5 dZ k 

k=l 

Using (3.3) we get: 

(3.4) d{gdZ Y A • • • A dZ n ) = Lg dt A dZ\ A • • • A dZ n 
For C € C", z e C", let 

C, a:, t) = K-{z- Z(x, t)) - k(Q(z - Z(x, t)) 2 , 

Let B denote a small ball centered at of radius r in W 1 and e Cq°(B), = 1 
for | a; | < r/2, the precise value of r as well as the value of the positive parameter k 
in the definition of E will be determined later. We will apply (3.4) to the function 

where (z, () are parameters. We get: 

(3.5) d{gdZ) = fL(j)e E dt A dZ, 

where dZ = dZ\ A • • • A dZ n . Next by Stokes theorem we have, for t\ > small: 

(3.6) / g{z,(,x,0)d x Z{x,0)= f ^CMiK^OMi) + / / d(gdZ) 

JB JB JO JB 

We will estimate the two integrals on the right in (3.6) and our aim is to show that 
for x and z close to the origin in real and complex space respectively, both decay 
exponentially as £ — > oo in a conic neighborhood of £° . Write 

Z = (Z u ...,Z n ) = x + i&(x,t), $ = (*!,...,*„). 

Observe that, assuming without loss of generality that = 1, 

ReE(0,f,x,t) = $(x,t)-f - k(\x\ 2 - \<S>(x,t)\ 2 ). 

Our main task will be to determine convenient values of t\, k and r such that for 
some 7 > 

(1) ReE(0,£°,x,h) < -7 for \x\ < r ; 

(2) ReE(0,l°,x,t) < -7 for < t < h and r/2 < \x\ < r. 
The assumptions on $ allow us to write 

(3.7) ${x,t) = $(0,t) + e(x,t), \e(x,t)\ < A\xt\ + B\x\ 2 

for some positive constants A and B. We may assume that $ t (0,0) = 0, otherwise 
the result we want to prove would follow from Theorem 2.1. Hence, we may assume 
that the quotient |<j>(0, t)\/t 2 < C for (0,t) e U + . In order to find the vector v 
mentioned in the statement of the theorem we will need 
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Lemma 3.2. There exist a sequence t k \ such that 

(1) $(0,t fc )^0; 

(2) |$(0,t)| < |$(0,t fc )l forO<t<t k ; 

(3) lim $(0,tfc)/|$(0,t fc )l =-« 

tfc— >u 

We will postpone the proof of Lemma 3.2 and continue our reasoning with v 
given by (3). We have $(0,i fe ) + \${0,t k )\ v = o(\$(0,t k )\). We recall that by 
hypothesis £° • v > 0. Hence, 

mt k ) ■ e = -mo,tk)\ v-e+o(mo,t k )\) 

< -|$(0,t fc )| w^°/2 = -c|$(0,t fc )l. 

for tfc small and < c < 1. We now take r = a|$(0, t k )\/t k , with a and t k small to 
be chosen later. Hence, for \x\ < r and < t < t k , we can choose a small enough 
(depending on A, B and C but not on t k ) so that 

\e{x,t)\ < Aa\$(0,t k )\ ^ + Ba 2 ^1^1 |$(0,t fc )| 

(3.8) tfe tfc 

" 2 • 
This implies that on the support of 4>{x) we have 

-(i+ C )mo,t k )\<$(x,t k )-e < -£|$(o,t fc )|. 

Let k = e/|$(0,i fe )|. A consequence of (3.7), (3.8) and the fact that \${0,t)\ < 
|$(0,i fe )| for < t < t k is 

|*(*,t)| < (l + c)|$(0,t fc )| 

(3.9) \Hx,t)\ 2 < (l + c) 2 |$(0,i fc )| 2 

k|$(M)| 2 < e(l + c) 2 |$(0,i fe )| 

for x in the support of 4>{x) and < t < t k . Choosing e = c/(4(l + c) 2 ) (thus, 
independent of t k ), we get, on the support of 4>(x), 

^(x,t k )-e + ^(x,t k )\ 2 <-^|<i>(0,i fe )|+e(l + C ) 2 |<i>(0,i fc )l <-£|*(0,t fc )| 

which leads to an exponential decay in the first integral on the right of (3.6) for z 
complex near and £ in a complex conic neighborhood of £° , as soon as we replace 
t\ by t k . For the second integral, note that for < t < t k and x in the support of 
(f>, we may invoke again (3.9) to estimate the size of |<j>(x, t)| and n\^(x,t)\ 2 which 
gives, in view of the previous choice of e, 

\$(x,t)\ + K\$(x,t)\ 2 < (l + c)|*(0,t fc )| + ||*(0,t fc )| < (l + 2c)|$(0,t fc )l 

while on the support of L<j), \x\ > r/2 = a|$(0, t k )\/2t k so 

2> ea 2 \mtk)\ 
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and 

*{x,t) ■ e - n(\x\ 2 \*(x,t)\ 2 ) < (1 + 2c- ^)|*(0,t fc )|. 

Hence, if tk is chosen sufficiently small, we also get exponential decay for the second 
integral on the right hand side of (3.6) with t\ replaced by tk- 
We have thus shown that the function 

F(z,0= [ e E ^°U(x)f(x,0)d x Z(x,0) 
satisfies an exponential decay of the form 

\F(z,Q\ < Ce~ R M 

for z near in C" and £ in a complex conic neighborhood of £° in C n . In particular, 
since Z(0,0) = and d x Z(0,0) is the identity matrix, the function 

G(x 1 = F(Z(x),(Z x (xr 1 ) t O 

has an exponential decay for (x,£) in a real conic neighborhood of (0,£°). By 
Theorem 2.2 in [BC], it follows that (0,£°) £ WF(bf). 

We now return to the proof of Lemma 3.2; it is here that we use the fact that X 
and Y are linearly independent on a sequence pk € "f + that approaches the origin. 
We will show that $(0,t) cannot vanish identically on any interval (0, e'). Let us 
write L = d t + a ■ d x , Z = x + «$, Z x = I + i *$ x and recall that *$ x has small 
norm for (x, t) close to 0. Now LZ = leads to a = + i t ^ x )~ 1 $ t - If *(0, t) 
vanishes identically on [0, e'] we will have, for those values of t, that 3>t(0, t) = 0, 
a(0,t) = 0, and Y(0,t) = haa(0,t) = 0. Furthermore, X(0,t) = d t for < t < e', 
showing that j(s) — (0, . . . , 0, s) for < s < e'. Thus, X( r y(s)) and Y( r y(s)) are 
linearly dependent for < s < e', a contradiction. Thcrfore, there exists a sequence 
Sfc \ such that |<&(0, Sk)\ > and since $(0,0) = there is another sequence 
tk \ satisfying (1) and (2), which in turn possesses a subsequence that satisfies 
(1), (2) and (3). 

ii) Consider as before a complete set of smooth first integrals of L = X + iY 
defined in neighborhood V C U of the origin, Z\, . . . , Z n , LZj = 0, k = 1, . . . , n, 
dZ\ A • • • A dZ n (0, 0) , and local coordinates (x,t) in which the Z/s have the 
form Zj(x,t) = Xj +i$j(x,t), k = 1, ...,n, with $(0,0) = 0, $2,(0,0) = and 
$xa;(0,0) = 0. Since Y is proportional to X along 7+ it follows that XZj = 
on 7+; therefore XRc Zj = on 7+ which in the coordinates (x,t) implies that 
Xj(j + ) = 0, j = 1, . . . ,n. Since Zj vanishes on 7+ we conclude that $j(0, t) = for 
< t < to, for some to > and any j = 1, . . . , n. This shows that Z = (Z\, . . . , Z n ) 
maps {0} x [0, t ) Cl"xl into {0} C C n . 

Let us denote by F(Q = {() = ((f + ■ ■ ■ + (^) 5 the holomorphic function (() = 
(Ci + ' " " + Cfi) 1 where we take the principal branch of the square root in the 
region |lmC| < |ReCI and set F(0) = 0. We also set F e (Q = (d 2 + • • • + C + e )K 
e > 0. Shrinking V if necessary we assume that Z(V + ) = V + +i$(V+) is contained 
in |Im£| < |ReC|/2 and the composition u(x,t) = F(Z(x,t)) is well defined and 
continuous. Approximating u(x,t) by the smooth functions u e (x,t) — F e (Z(x,t)), 
e \ that satisfy Lu e = we see that u satifies the homogeneuous equation Lu = 
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in the sense of distributions in V + and so does f(x,t) = u(x,t) 3 . A moment's 
reflection shows that/ G C 1 (V+)nC°{V+). Furthermore, Zf(x, 0)+- • -+Z%(x, 0) = 
X(x) \x\ 2 where A is a smooth complex-valued function that does not vanish in a 
neighborhood of the origin, so /(a;,0) = A(x) 3 / 2 |x| 3 and the wave front sets of 
/(x,0) and x i— > x| 3 coincide for small values of x. The wave front set of |x| 3 
is precisely {0} x (R™ \ {0}) because |x| 3 is smooth except at the origin and it is 
invariant under rotations. 

In the proof of Theorem 1.1 we will also need the following lemma on measures 
which arise as traces of homogeneous solutions of vector fields. 

Lemma 3.3. Let 

L =9i + l ^ bj{x ' t) dx- 



3 = 1 



3 



be smooth on a neighborhood U — B(0,a) x (— T, T) of the origin in R™ +1 with 
B(0,a) — {x G R™ : \x\ < a}. We will assume that the coefficients bj(x,t), 
j = 1, . . . , n are real and that all of them vanish on Fx [0, T), where F C £>(0, a) is a 
closed set. Assume that f G C 1 (U+) satisfies Lf = on U+ = ^(^(O, a) x (0, T)), 
has tempered growth as t \ and its boundary value bf(x) = f(x,0) is a Radon 
measure \i. Then the restriction \xf of \i to F defined on Borel sets X C B(0,a) 
by Hf{X) = n{X n F) is absolutely continuous with respect to Lebesgue measure. 

Proof. If x is an arbitrary point in F we may write 

n 

(3.10) bj(x,t) = ^2{x k - x k )0jk(x,x,i) 

fe=i 

with /3jk(x, x, t) real and smooth. Recall that for any <p G C^°(—a, a) we have 
(ji,<f>) = [ f(x,T)<P k (x,T)ds+ [ [ f(x,t)L t <P k (x,t)dxdt 

J JO J -a 

(3-11) k p 

^ k {x,t) = Y J ^,t)- 

3=0 h 

where <j>o(x,t) — 4>(x), 

d ™ d 

<j>j{x,t) = -— ^_i(a;,t) - Q^r( xe ~ Xi)f3 3 t{x,x,t)(t>i-i{x,t), j = l,...,k, 

s,e=i s 

and k is a convenient and fixed positive integer. We may as well write 
(3.12) <I> k {x, t) = A{x, t, D x )(f>(x) 

where A(x,t, D x ) = X)| a |<fe a a{x,t)D" is a linear differential operator of order k 
in the x variables with coefficients depending smoothly on t. The coefficients a a 
are obtained from the coefficients bj(x, t) of L by means of algebraic operations and 
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differentiations with respect to x and t. The key observation is that (3.10) implies 
that, given any point x E F, A(x, t, D x ) may be written as 



(3.13) 



A(x,t,D x )= Y A ae (x,x,t)((x e - x e )D x ) c 

\a\<k i=l 



Notice that \A ae (x,x,t)\ < C, for x G 5(0, a), x G F, t G [0,T), |a| < fc, and 
£ = 1, ... ,n because the coefficients of L have uniformly bounded derivatives on 
5(0, a). Hence, we obtain from (3.11), (3.12) and (3.13) the estimate 



(3.14) 



f{x,T)$ k (x,T)dx 



<C J2 d(x,F)^\D^<f>(x)\dx 7 

\a\<k+l JB (°^ 



where d(x, F) = mf xe p \x — x\. We next consider the second integral on the right 
in (3.11). We recall from the proof of Lemma 1.2 that 

\L f ^ k {x,t)\ < Ct k 

We need to examine this inequality more closely. We will first show that for any j, 



(3.15) 



To see this, note that (3.15) holds for j = from the definition of <\>\. To proceed 
by induction, assume (3.15) for j < m. Then 



L*(* ro+1 ) = L*($ m ) +L*( , <t)m+ \ t m+1 

\{m+ 1)1 



L>m+1 



, -t m + L* . 
m! \ (m + 1)! 



iStym+l) m+1 

(m + 1)! 

_0m+2_ 

(m+1)! 



'm+2 j.m+1 



This proves (3.15). Next we observe that since the coefficients bj(x,t) vanish on 
F x [0, T], each ^ has the form 

(f>j(x,t) = ^ c a (x,t)D«<t>(x) 

\a\<3 

where the c a are smooth and satisfy the estimate 
(3.16) \c a \ < Cd(x,F)M 

The form (3.16) is clearly valid for (f> — (j). Assume it is valid for (f>j. Then it will 
also be valid for <fij+i since by definition, 4>j+\ = L 1 ^^. If we now choose k — N+l, 
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(3.14), (3.15) and (3.16) imply that 



f(x,t)L t ^> k {x,t)dxdt 



J -a 



< 



\f(x,t)\^±^t k dxdt 



<C I / \<f> k+1 (x,t)\dxdt 

/O J -a 



(3.16) 



< 



C ]T I* d{x,F)W\D2 



<j){x)\dx 



\a\<k+l 



Thus the second integral on the right hand side of (3.11) also satisfies an estimate of 
the kind in (3.14). Consider now a compact subset K C F with Lebesgue measure 
| if | = and choose a sequence < 4> € {x) < 1 6 (B(0, a)), e — > 0, such that i) 
(p e (x) = 1 for all a; e if; ii) </> € (x) = if d(x,K) > e; hi) \D%<j> € (x)\ < C a e~^. Note 
that (p € (x) converges pointwise to the characteristic function of if as e — ► while 
L> a <?!> e (x) pointwise if \a\ > 0. Let ip e C^°(B(0,a)) and use (3.14) and (3.16) 
with <j) = <p € tp keeping in mind the trivial estimate d(x, F) < d(x, K). By the dom- 
inated convergence theorem, {fx, 4> e tp) — > f K tpd[i while ||d(a;, if)'™' £)°^ e (ar)||x,i < 
||el Q ' D^ e (x)|| L i -> as e (when a = one uses the fact that |if | = 0). 
Thus, (3.14) and (3.16) show that 



L 



which implies that the same conclusion holds for any continuous function ip on if 
(first extend i[> to a compactly supported function on i3(0, a) and then approximate 
the extension by test functions). Thus the total variation \n\{K) of \i on K is zero 
and by the regularity of /j it follows that \/i\(F') = whenever F' C F is a Borcl 
set with = 0. This proves that fip is absolutely continuous with respect to 
Lebesgue measure. 

We now consider the set 



F a = {x e 5(0, a) : 3e > : bj(x, t) = 0, Vi £ [0, e], j = 0, . . . , n} 

which is a countable union of closed sets 

F e = {x e 5(0, a) : & 3 (x,i) = 0, Vi £ [0,e], j = 0,...,n} 

to which we can apply Lemma 3.3 and conclude that /XF e is absolutely continuous 
with respect to Lebesgue measure. Thus, fiF is also absolutely continuous with 
respect to Lebesgue measure and the Radon-Nikodym theorem implies that there 
exists g £ L 1 1 oc (i?(0, a)) such that 

[iF Q {X) = / g{x)dx, X c B(0,a) a Borel set. 
Jx ' 



The results proved sofar immediately imply Theorem 1.1: 
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Proof of Theorem 1.1. We may assume that the vector field has the form 

r d , 8 

L= di +lh{x > t) d- X 

where b(x, t) is real and smooth on a neighborhood of U = B(0, a) x (— T, T) of the 
origin in R 2 with B(0, a) = {x £ M : \x\ < a}. Since the trace bf is a measure, by 
the Radon-Nikodym theorem, we may write 

bf = 9 + M 

where g is a locally integrable function and \x is a measure supported on a set £ 
of Lebesgue measure zero. Suppose x is a point for which we can find a sequence 
tj converging to with b(xo,tj) ^ 0. Let Z(x,i) be a first integral satisfying 
Z(x o ,0) — 0, and Z x (xo,0) = 1. If Im Z t (xo,0) ^ 0, then L will be elliptic in 
a neighborhood of (x ,0) and so by the classical F. and M. Riesz theorem, we 
can conclude that bf is absolutely continuous near (xq,0). Otherwise, the proof 
of Theorem 3.1 shows that the FBI transform with this Z as a first integral and 
arbitrarily large k decays exponentially in a complex conic neighborhood of (xo, £o), 
for some nonzero covector. By Theorem 2.2 in [BCT], it follows that near the point 
xo, modulo a smooth nonvanishing multiple, the trace bf is the weak boundary 
value of a holomorphic function F defined on a side of the curve x i — ► Z(x, 0). But 
then, again by the classical F. and M. Riesz theorem, bf is locally integrable near 
Xo, that is, xo ^ E. Hence the set E is contained in the set 

Fo = {x e B(0,a) : 3e > : bj(x,t) = 0,Vi G [0,e], j = 0, . . . ,n}. 

But we already observed that the restriction of bf to Fo is absolutely continuous 
with respect to Lebesgue measure which implies that /i is zero. 

Remarks. 

(1) In the preceding proof, instead of using Theorem 2.2 in [BCT], we can use 
Lemma 3.3 and Theorem 3.1 in this paper together with Theorem 1.4 in [B]. 
However, since this latter theorem in [B] uses a deep theorem of Uchiyama 
on the characterization of the real Hardy space, we chose to present a simpler 
argument. 

(2) In the proof of part ii) of Theorem 3.1 we showed how to construct - 
under the hypothesis that L is proportional to a real vector field along an 
integral curve of that vector — a C 1 solution such that its trace has a full 
wave front set at the origin. An obvious modification of the proof yields 
C k solutions with the same property for any k = 1, 2, . . . and the question 
arises whether it would be possible to take k = oo. Cleary, this is not true 
in general because singularties of the trace may propagate to the interior, 
as it is easy to check with the simple example L = d t where the solutions 
Lf = arc funcions of x alone. We will return to this matter in Example 
4.3 in the next section. 



4. Examples and applications 



We begin here with a lemma which shows that when the vector field is locally 
integrable, then a solution is determined by its trace. More precisely, we have : 
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Lemma 4.1. Suppose X, U , L and f are as in Lemma 1.2 and assume in addition 
that Lf = in U+, L is locally integrable in U and that the trace bf = in X. 
Then f = in a neighborhood of X x {0} in U + U (X x {0}). 

Proof. Estimate (1.2) in section 1 allows us to define a distribution h in U by 

(h,ip(x,t)) = / / f(x,t)ip(x,t)dxdt 
Jo Jx 

We will show that Lh = in U. Since h = f when t > and h = when t < 0, 
we need only show that ft, is a solution near t — 0. Suppose then 0(a;) and ^>(£) are 
smooth functions of compact support and tp(T) = 0. We have: 



{Lh,<j>{x)i){t)) = (h,L*(<j>(x)ip(t))) = - lim + / / f(x,t)L*{(f>(x)ip(t))dxdt 



x 



= - lim / / {Lf{x,t))<p{x)ip{t)dxdt 

£->0+ J e Jx 

+ ^ /(a;, T)0(x)dx^) V(T) - lim + ^ /(or, e) ( / ) ( a ;) ( ix^(e) 
= 0. 

Note that the second equality above is justified by estimate (1.3). Thus Lh = 
in U, and since the trace of ft on a noncharactcristic hypersurface is zero, by a 
well known theorem of uniqueness for locally integrable vector fields (sec [BT]), it 
follows that h = 0. 

We will next apply the method of proof of Theorem 3.1 to present an example of 
a nonanalytic tube vector field in the plane which exhibits an interesting property: 
the trace of any C 1 solution of tempered growth is real analytic and extends as a 
smooth solution in a full neighborhood of points on the boundary. 

Example 4.2. Let e(t) = cxp(— l/t 2 ) and set 

${xi,x 2 ,t) = ($i,$ 2 ) = e(t) (cosft-^.sinft- 1 )) , 

L = — l$lt-r l$2t^ 

at ax\ 0x2 

Z = (xi +i$!,x 2 +i$2)- 

Then, for every unit vector v in R 2 there is a sequence satisfying (1), (2) and (3) 
of Lemma 3.2. Since the origin can be replaced by any point in the argument, it 
follows from the proof of Theorem 3.1 and the fact that Zj(x,0) = Xj that the 
weak trace of any C 1 solution of Lf = 0, t > 0, with tempered growth as t \ 0, 
has to be real analytic. Say f(x,0) — ^a a x a , where the power series converges 
in some neighborhood of the origin. Let H{x, t) =J2 a a Z(x, t) a . Then LH = in 
a neighborhood of the origin in the plane and by Lemma 4.1, H agrees with / in 
the region t > 0. 

Example 4.3. Consider the vector field in the plane given by 
(4-D L=i- ^ ' 



dt 1 + it 2 dx 
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The f-axis is an elliptic submainifold for L (see [HT] for the definition) and by 
the main result proved in [HT] this axis propagates analyticity for solutions of the 
homogeneous equation. That is, if Lu = on a neighborhood f2 of the origin and 
u is analytic at some point (0,to) <E ^, then u is analytic at every point (0,t) 6 il. 
However, Treves showed [T] that the i-axis does not propagate smoothnes: there is 
a solution u of L which is continuous in the plane, smooth off {t = 0}, but the trace 
u(x,0) is not smooth at the origin. The existence of such a solution was proved 
in a nonconstructive fashion using a Baire category argument. Here we wish to 
construct a solution h with the additional property that the C°° wave front set of 
the trace h(x, 0) at the origin contains both directions 1 and —1. 
Observe that the function Z(x, t) = x(l + it 2 ) is a first integral of L in the plane. 
For each k a positive integer, define 

1 

W k (x,t)= [z{x,tf~^ 

where we take the principal branch of the square root off the negative y axis. Note 
that Wk is continuous in the plane and smooth in C except at { k ,0) and (— -^,0). 
Let 

' 1 

h(x,t)=J2^k W k(x,t) 
k=i 6 

The function h is clearly continuous everywhere since the series converges absolutely 
on compact sets. We will show that h is smooth when t ^ 0. Let 

g k (x,t) = Z{x,tf - -L 

Fix two positive numbers M > 5 and consider the size of g k in the region 5 < \t\ < 
M. We have 

\g k (x, t)| 2 = (1 + 2t 4 + + + ^ 

It follows that there exists a constant C (M, 5) > such that 

C(M, S) 



(4.2) \9k(x,t)\> 



fc 2 



whenever 5 < \t\ < M. We will now show that when t ^ and for n a positive 
integer, 

[*] , 

D n W k (x, t) = £ A j9 l n+3 (Dg k ) n -^(D 2 g k y 

where D = J^, [y] denotes the greatest integer less than or equal to y, and the Aj 
are constants depending only on n. In particular, these constants do not depend 
on fc. We will prove this assertion by inducting on n. When n = 1, the formula is 
valid since 

DW k (x,t) = ±{Dg k ) g p 
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Assume the assertion for some n and apply D to both sides of the formula. When 
n is odd, since D 3 g k = 0, we get 

[f] i 

D n+1 W k = ]T(- -n + j)A ]g r n - 1+ '(Dg k T +l -^{D 2 g k y 

3=0 

+^A j9 r n+j (D 9k r-^(D* 9k y^ 

In the second sum replace j by j + 1 and observe that since n is odd, 



"rr 


+ 1 = 


"n+1" 






2_ 




2 



We are then led to 

D n+1 W k (x,t) = Bjdl n ^ +1 (Dg k r +1 -^(D 2 g k y 
3=0 

for some Bj depending only on the Ai and n, and hence independent of k. When 
n is even, observe that in the second sum of D n+1 , the index j goes only upto 
[n/2] — 1. Hence in this second sum if we replace j by j + 1 and observe that 



"rr 




"n + 1" 


.2- 




2 



we get an expression for D n+1 W k as required. 

The expression for D n W k (x,t) together with the lower bound (4.2) show that the 
series 

jr,i-D:w k (x,t) 
k=i 6 

converges absolutely for x in a compact set and < 5 < \t\ < M. Thus D™h(x,t) 
exists for all n when t ^ 0. Next note that since LW k (x,t) = when t ^ 0, we 
have 

ra+l 

for some smooth . Therefore using what was already proved, we see that for any 
n, D™D t h(x, t) exists and Lh — when t ^ 0. We can now iterate by differentiating 
the equation Lh = to conclude that h is smooth when t ^ 0. Finally note that 
the trace 

h(x,0) = ^W k (x,0) + E k (x) 

where E k is C 1 at the points \x\ — p Hence h(x, 0) is not C 1 in any neighborhood 
of the origin. Moreover, since h(x, 0) = h{— x,0), both 1 and —1 are in the wave 
front set of h(x, 0) at the origin. 
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Remarks. 

(1) In the preceding example, if we restrict the solution h(x,t) to the domain 
D = {(x,t) : t > x 2 } bounded by the parabola t — x 2 we see that its 
boundary value bh(x) = h(x,x 2 ) is smooth except at the origin where its 
wave front set contains both directions. 

(2) The geometric background behind Example 4.3 is as follows: the vector 
field L is a Mizohata vector field for x > and a conjugate Mizohata vector 
field for a; < 0. The wave front set of the trace of a smooth solution of 
the homogeneous Mizohata equation defined on the upper plane necessarily 
lacks the direction £ < while in the case of the conjugate Mizohata vector 
field the missing direction is £ > 0. However, approaching the origin from 
both sides a singularity that contains the two microlocal directions can be 
produced. 
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